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I. Introduction

WHEN aircraft fly in formation, each aircraft takes advantage of
the upwash of air coming off of the aircraft in front of it to

reduce its workload. By flying in the area of the upwash, a follower
aircraft can gain aerodynamic efficiency, which leads to fuel saving
[1–3]. To achieve the fuel saving, the follower aircraftmustfly in tight
formation in which lateral separation between the leader and follower
aircraft is less than awingspanof the leader aircraft [4].Becauseof the
fuel saving effect, several research efforts have been focused on tight
formation flying. In Chichka et al. [5], the peak-seeking control
scheme was used to optimize the drag benefit during the flight.
Pachter et al. [4] treated the tight formation maintenance problem for
the maneuvering aircraft using linear kinematics. Additionally, a
nonlinear controller was designed, taking into account nonlinearities
that are typical of formation control dynamics [6].

Considering the operational requirements to enhance the mutual
survivability in a threat environment, the tight formation geometry
may not be suitable. For example, in the case of combat aircraft
performing air patrol missions in the threat area, the formation geom-
etry is decided based on the surface-to-air and air-to-air threats of the
enemy.This tactical formationgeometry is a loose formation inwhich
the lateral separation between the formation members is more than a
wingspan of the leader aircraft. This formation geometry offers no
drag benefit but has a strategic advantage. In the case of loose forma-
tion flight, the follower aircraft usually consumes more fuel than the
leader aircraft because the follower aircraft should use more thrust to
maintain the given formation geometry, especially during the join-up
phase or the turning phase from the outside of the leader’s flight path.

This note addresses the fuel saving problemof the follower aircraft
in a loose formation, and a formation control scheme based on the
energy maneuverability is proposed. In the energy maneuverability
method that was proposed by Col. John Boyd [7], the kinetic and
potential energy are exchanged to achieve the desired speed or height
[8]. Thus, the thrust is only required to balance the energy dissipated
by the aerodynamic drag along the path. In this study, it is assumed

that the formation is composed of two aircraft. To design the
proposed control law, the velocity command is designed using
feedback linearization for the horizontal formation geometry [6] and
then converted to the altitude command using the energy equation. A
fuel consumption analysis is also performed. The fuel consumption
of the follower aircraft is compared with that using the control
scheme in Boskovic et al. [6].

II. Problem Formulation

A. System Dynamics

In this study, a three-dimensional point-mass model is considered
for aircraft dynamics [9,10].

_X i � Vi cos �i cos�i (1)

_Y i � Vi cos �i sin�i (2)

_H i � Vi sin �i (3)

_� i �
�g cos �i
Vi

�
api
Vi

(4)

_� i �
ayi

Vi cos �i
(5)

where Xi and Yi are the x and y direction position variables, Hi

denotes the height,Vi is the velocity, and �i and �i are the flight-path
angle and heading angle, respectively. Note that i� 1 represents the
leader and i� 2 represents the follower aircraft. The aforementioned
equation can be obtainedwith the assumptions of a constantweight, a
point-mass aircraft with the thrust aligned along the velocity vector, a
flat nonrotating Earth, and a constant gravitational attraction. The
specific excess power represents the ability of the aircraft to change
the energy state. The specific excess powermay be used to change the
altitude or accelerate the aircraft and is represented as [8]

Psi �
Vi�Ti �Di�

Wi

(6)

where Ti is the thrust, Di is the aerodynamic drag, and Wi is the
weight of the aircraft. The aircraft specific energy Ei represents the
combined kinetic and potential energy of the vehicle per unit weight.
The relationship between Ei and Vi can be derived from the energy
state equation as

Ei �
1

Wi

�
migHi �

1

2
miV

2
i

�
�Hi �

V2
i

2g
(7)

From Eq. (7), Vi can be written as

Vi �
�������������������������
2g�Ei �Hi�

p
(8)

Also, note that the aircraft specific excess power is equal to the rate of
the aircraft specific energy and, therefore, the following relation is
satisfied:
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dEi
dt
� Psi �

Vi�Ti �Di�
Wi

(9)

The aerodynamic drag and propulsive force are modeled as

Ti � �iTmax�H� (10)

Di �D0i � n2Dii (11)

In Eq. (11), the parasite drag D0i and induced drag Dii can be
represented as

D0i � qSCD0i
; Dii � k�W=qS�2 (12)

where q is the dynamic pressure, S is the wing area, CD0i
is the zero-

lift drag coefficient, and k is the drag polar constant. The normalized
throttle value �i is modeled as the first-order delay as [11]

_� i ��
1

��
�i �

1

��
�ci; ��min

��i� � �� � ��max
��i� (13)

where �� is the engine time constant, and �ci�0 � �ci � 1� is the
normalized throttle command value.

Consequently, Eqs. (1–5) and (9) are considered for the system
dynamics, and the control variables in this study are the throttle
command �ci, the pitch acceleration api, and the yaw acceleration
ayi.

B. Formation Geometry

The flight path of the formation flight usually lies on a horizontal
plane and, therefore, it can be assumed that �i � 0. The formation
flight control problem is decomposed into two decoupled problems:
the horizontal tracking problem and vertical tracking problem. The
horizontal relative position error in an inertial coordinate frame can
be expressed as [6]

ex
ey

� �
� X1 � X2

Y1 � Y2

� �
� cos��1� � sin��1�

sin��1� cos��1�

� �
xd
yd

� �
(14)

where �1 represents the heading angle of the leader aircraft, and
subscript d denotes the desired relative distance.

The vertical distance error eh is defined as

eh �H1 �H2 � hd; eE � Ed2 � E2 (15)

where hd is the desired relative height difference, and Ed is the
desired specific energy. The desired specific energy of the follower
aircraft can be computed by using the speed and height information
of the leader aircraft as

Ed2 �H1 �
V2
1

2g
� hd (16)

C. Energy Maneuverability Based Formation Flight

Energymaneuverability involves the specification of the aircraft’s
climb and/or acceleration capability for various combinations of
speed, altitude, and turning load factor. In other words, the potential
energy can be exchanged with the kinetic energy to achieve the
desired speed or height [8].

Differentiating Eq. (7) and using Eq. (3) gives the following

relationship between _Ei and _Vi:

_E i � Vi�sin �i � _Vi=g�≜ Psi (17)

Assuming that the same energy level is maintained during flight, the
following equation can be obtained for the constant energy level
case, that is, Psi � 0:

_V i ��g sin �i (18)

Note from Eq. (18) that the velocity can be changed by using the
flight-path angle. This means that the aircraft must be in a level flight

with constant speed, or in a climb while decelerating, or in a descent
while accelerating to maintain a specified energy level. In other
words, the velocity regulating the forward distance error can be
obtained by exchanging the potential energy with the kinetic energy
of the aircraft. During the energy transformation, however, some
energy may be dissipated by the aerodynamic drag. To compensate
for this energy loss, the throttle is used tomaintain the energy level in
this study. For example, if the follower aircraft is required to haveVc2
to reduce the forward distance error ex, then the follower aircraft has
to approach the desired altitude Hd2 by using the flight-path angle
while regulating the specific energy error eE. The desired altitude is
obtained from the desired energy state Ed2 and Vc2 as

Hd2 � Ed2 �
V2
c2

2g
(19)

Figure 1 shows the schematic diagram of the proposed control
concept.

III. Formation Control of Follower Aircraft

The control system of the follower aircraft consists of the
command generator and autopilot, as shown in Fig. 2. It is assumed
that the leader aircraft can generate the proper command signals to
track the desired reference trajectory and, therefore, a second-order
filter is used to produce the command signals Vc1, �c1, and Hc1.

A. Design of Follower Command

The “horizontal geometry” block computes the velocity command
Vc2 and heading angle command �c2. The computed commands are
sent to the “state conversion” and “autopilot” blocks, respectively.
To design the velocity and heading angle command generator, the
autopilot dynamics are assumed to be the following first-order filters:

_V 2 ���v�V2 � Vc2� (20)

_� 2 ������2 � �c2� (21)

By differentiating Eqs. (1) and (2) and using the feedback
linearization technique, the command generator can be designed as
[6]

Fig. 1 Schematic diagram of the proposed control concept.
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u� Vc2
�c2

� �
�G�1��f � k1 _e � k2e	 (22)

where k1 > 0, k2 > 0, and

f�
�X1 � �vV2 cos�2 � V2 sin�2���2

�Y1 � �vV2 sin�2 � V2 cos�2���2

" #

�
cos�1 � sin�1

sin�1 cos�1

" #
xd

yd

" #
_�2
1 (23)

G� ��v cos�2 ��V2 sin�2

��v sin�2 ���V2 cos�2

� �
(24)

�X 1 � _V1 cos�1 � V1 sin�1 _�1
�Yi � _V1 sin�1 � V1 cos�1 _�1

(25)

The state conversion block computes the desired specific energy
command Ec2 and altitude command Hc2 using Eqs. (16) and (19)
and provides the computed values to the autopilot:

Ec2 �H1 �
V2
1

2g
� hd (26)

Hc2 � Ec2 �
V2
c2

2g
(27)

B. Autopilot Design

The “vertical control” channel is designed by using the sliding
control method. The output dynamics for the specific energy Ei and
altitudeHi of each aircraft can be obtained by differentiating Eqs. (3)
and (7) as

�E i � fEi � bEi�ci (28)

�H i � fHi � bHiapi (29)

where

fEi �
1

Wi

��
@Vi
@Ei
�Ti �Di� �

@Di

@Ei
Vi

�
Vi�Ti �Di�

Wi

�
�
@Vi
@Hi

�Ti �Di� �
@Di

@Hi

Vi

�
Vi sin �i �

@Ti
@�i

Vi

�
(30)

fHi �
@Vi
@Ei

Vi�Ti �Di�
Wi

sin �i �
@Vi
@Hi

Visin
2�i � gcos2�i (31)

bEi �
Vi
Wi

@Ti
@�i

; bHi � cos �i (32)

Let us define the sliding surface as

sEi �
�
d

dt
� �Ei

�
2
Z
t

0

eEi��� d�; eEi��� � Ei � Eci (33)

sHi �
�
d

dt
� �Hi

�
2
Z
t

0

eHi��� d�; eHi��� �Hi �Hci (34)

where �Ei and �Hi are positive constants.
Differentiating sEi and sHi, we have

_sEi
_sHi

� �
� �Ei

�Hi

� �
� bEi 0

0 bHi

� �
�ci
api

� �
(35)

where

�Ei �� �Eic � fEi � 2�Ei _eEi � �2EieEi (36)

�Hi �� �Hci � fHi � 2�Hi _eHi � �2HieHi (37)

Now, the control inputs can be determined such that the following
sliding conditions are satisfied:

1

2

d

dt
s2Ei � �kEijsEij (38)

1

2

d

dt
s2Hi � �kHijsHij (39)

where kEi and kHi are positive constants. The controller that satisfies
the aforementioned sliding conditions is obtained as

Fig. 2 Schematic diagram of the follower aircraft formation controller.
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�ci
api

� �
�B�1i

��Ei� kEisat� sEi�Ei
�

��Hi� kHisat� sHi�Hi
�

� �
; Bi�

bEi 0

0 bHi

� �
(40)

where �Ei and �Hi are the widths of the boundary layer and
sat�sEi=�Ei� is a continuous saturation function inwhich sat�x� � x
if jxj � 1 and sat�x� � sgn�x� otherwise. Note that the inverse of Bi
does exist for the entire flight envelop except for Vi � 0 or
�i � 90 deg, which are unusual flight condition.

The horizontal control channel provides ayi to track the heading
angle command �ci using proportion and integral control as

ay2 � Kaype� � KayI
Z
t

0

e� dt; e� � �c2 � �2 (41)

Remarks: In the proposed control scheme, the altitude should be
changed to maintain formation geometry. The allowable altitude
should be limited inside the flight envelop by considering the stall
speed.

H2min � H2 � H2�V2s� (42)

where H2�V2s� can be calculated as

H2�V2s� � E2 �
V2
2s

2g
(43)

IV. Fuel Consumption Analysis

To examine the performance of the proposed controller, a fuel
consumption analysis is performed. The weight change rate can be
represented as a function of the specific fuel consumption as [12]

dW

dt
�� dWF

dt
��TSFC 
 T (44)

whereWF is the weight of the fuel, and TSFC is the installed thrust
specific fuel consumption, which is defined as

TSFC � C
���
�
p

(45)

where C is a specific fuel consumption and � is a static temperature
ratio.

The fuel consumption can be analyzed for the two different thrust
loading behavior cases. In case A, the specific excess power (Ps) is
more than zero (Ps > 0) and, in case B, Ps � 0. Case A corresponds
to the case of constant speed clime, horizontal acceleration, etc., and
case B corresponds to the case of constant speed cruise, constant
energy maneuver, etc. Let us compare the fuel consumption between
the horizontal acceleration casewithPs > 0 and the acceleration case
with a constant energy maneuver with Ps � 0.

Case A: This horizontal acceleration case (Ps > 0) corresponds to
the situation inwhich the thrust is used to accelerate. For this case, the
weight fraction can be calculated by [12]�
Wf

Wi

�
Ps>0

≜

�
Wf

Wi

�
a

� exp

�
�Ca

�����
�a

p
Va

��V2
a=2g�

1 � �CDa=CLa ��Wa=Ta�

�
(46)

whereWi andWf are the initial and final weight of aircraft.
Case B: This acceleration case with a constant energy maneuver

(Ps � 0) corresponds to the situation in which the potential energy is
exchanged with the kinetic energy for acceleration during descent.
The weight fraction can be calculated by [12]�

Wf

Wi

�
Ps�0

≜

�
Wf

Wi

�
b

� exp

�
�Cb

�����
�b

p CDb
CLb

�tb

�
(47)

where themaneuver time interval�tb is obtained by recognizing that
themaneuver distance is hbfinal � hbinitial and assuming that the vertical
speed is some fraction of the average speed �Vbfinal � Vbinitial�=2.

Assume that the consumed fuel of caseB is less than that of caseA.
Then, the following relation is obtained by using Eqs. (46) and (47):

Ca
�����
�a

p
Va

��V2
a=2g�

1 � �CDa=CLa��Wa=Ta�
� Cb

�����
�b

p CDb
CLb

�tb > 0 (48)

Let us define Ka and Kb as

Ka ≜

�����
�a

p
1 � �CDa=CLa ��Wa=Ta�

; Kb ≜
�����
�b

p CDb
CLb

(49)

In the acceleration case considered in this study, we have

0< 1 �
CDa
CLa

Wa

Ta
< 1 (50)

Using Eq. (50) in Eq. (49), Ka > 0 and also Kb > 0. Using the
average value for Va and Vb and substituting Eq. (49) into Eq. (48)
yields

CaKa
Vafinal � Vainitial

1

g
�V2

afinal
� V2

ainitial
� � CbKb

2jhbfinal � hbinitial j
Vbfinal � Vbinitial

> 0

(51)

For comparison, let us consider that the initial and final speeds of
cases A and B are the same:

Vainitial � Vbinitial � Vinitial Vafinal � Vbfinal � Vfinal (52)

For case B, the energy level is the same and, therefore, we have

jhbfinal � hbinitial j �
1

2g
�V2

final � V2
initial� (53)

Using Eqs. (52) and (53) in Eq. (51), the following condition can be
obtained:

CaKa
CbKb

> 1 (54)

Because the specific fuel consumption Ca and Cb for cases A and B
are positive values depending mainly on theMach number [8], it can
be assumed that Ca � Cb. Note from Ka and Kb > 0 that Eq. (54) is
true if the following condition is satisfied:

minKa
maxKb

> 1 (55)

Using Eq. (50) in Eq. (55), the following condition can be obtained:

minKa
maxKb

�
�����
�a

p
max�Kb�

�

�����
�a
�b

s
min

�
CLb
CDb

�
> 1 (56)

Assuming that the static temperature ratios �a � �b, the following
condition is derived:

min

�
CLb
CDb

�
> 1 (57)

Because this condition is satisfied for most flight conditions, the
assumption that the consumed fuel of caseB is less than that of caseA
is true. Note that case B corresponds to the maneuver using the
energy maneuverability concept.

V. Numerical Simulation

Numerical simulations are performed to verify the performance of
the proposed controller (control 1). The simulation results are
compared with those of another reference controller that does not use
the energy maneuverability theory (control 2). To compare the fuel
consumption at the same error performance, control 2 is composed of
the command generator [6] for generating the speed and heading
command signals and the command generator for generating the
following:
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Ec2woEM �H1 �
V2
c2

2g
� hd; Hc2woEM

�H1 � hd (58)

Note that Eq. (58) does not reflect the kinetic and potential energy
exchange.

The initial positions of the leader and the follower are chosen as
� 0 0 1000 	T m and � �300 0 1000 	T m, respectively. The
initial speeds of the leader and the follower are 100 m=s, and the
desired relative distance of the follower is set at � 0 200 0 	T m.
The aircraft parameters and the TSFC model are adopted from
Raymer [8] and Segal et al. [13], respectively. The engine model is
adopted from Stevens and Lewis [11]. The control parameters
chosen for the simulation are �v � 5 and �� � 10 (command
generator); �E � 5, kE � 0:1,�E � 1, �H � 5, kH � 0:1 and�H �
0:1 (vertical control); and k�p � 100 and k�i � 1 (horizontal

control).
As a result of the simulation, the total energy usage

Etotal �
Z
t

0

E dt

of each control is 779,080 ft (control 1) and 788,752 ft (control 2),
respectively. The fuel consumption of each control is 297.2 kg
(control 1) and 300.4 kg (control 2), respectively. By comparing
these results, the total energy usage and fuel consumption of control 1
is less than that of control 2. And the difference in the fuel
consumption at the final time is 3.2 kg for the 400 s flight. Figure 3

shows the trajectory and horizontal distance error history of the two
controllers. As shown in Fig. 3, control 1 performs the energy
maneuver during the turn phase, and the horizontal errors have
almost same values for the two controllers.

VI. Conclusions

In this note, a formation flight controller based on the energy
maneuverability concept is proposed. A fuel consumption analysis
showed that the controller using the energy maneuverability method
spends less fuel than the controller using the thrust as amain actuator.
A numerical simulation was performed to verify the effectiveness of
the proposed method. The result of the numerical simulation showed
that the fuel consumption using the energy maneuverability method
was less than that without using the energy maneuverability method
in the loose formation geometry. Note that the proposed controller
forces the follower aircraft to change its altitude to maintain the
formation geometry. Therefore, the proposed controllermay bemore
useful for a formation geometry that requires a large relative distance
between the leader and follower aircraft than for a tight formation
geometry.
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Fig. 3 Leader and follower trajectories and distance error.
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